
§18 THE MAGIC THEOREM

§18 The Magic Theorem

The goal for this part is to use ”The Magic Theorem” to determine which wallpaper
signatures can occur.

Reference: The Symmetries of Things, Chapter 3
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Find the signatures §18 THE MAGIC THEOREM

Find the signatures

1. 2. 3.

4. 5. 6.

7. 8. 9.
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The Wallpaper Shop §18 THE MAGIC THEOREM

The Wallpaper Shop

It will be useful to assign a cost to each symbol in the signature of a wallpaper pattern,
according to the menu below.

Symbol Cost ($) Symbol Cost ($)

� 2 ⇤ or ⇥ 1

2 (for gyration point) 1/2 2 (for mirror point) 1/4

3 (for gyration point) 2/3 3 (for mirror point) 2/6

4 (for gyration point) 3/4 4 (for mirror point) 3/8

5 (for gyration point) 5 (for mirror point)

6 (for gyration point) 6 (for mirror point)

· · · · · · · · · · · ·
N (for gyration point) N (for mirror point)

1 (for gyration point) 1 (for mirror point)

Using this cost menu, pick your favorite wallpaper pattern and determine the cost of
each.
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The Magic Theorem §18 THE MAGIC THEOREM

The Magic Theorem

The Magic Theorem (as popularized by John Conway): Every wallpaper pattern costs exactly

$2.

• List all the di↵erent signatures of all wallpaper patterns that we have come across
so far.

• Organize them into groups based on whether they contain gyration points, mirror
points, both, or neither.

• Check that each one has a cost of $2.

• How many di↵erent signatures do you have?
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The Magic Theorem §18 THE MAGIC THEOREM

The Magic Theorem is a great tool for finding all symmetries in a pattern. If the cost
doesn’t add up to $2, you are overlooking some symmetries.

M.C. Escher
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Classification §18 THE MAGIC THEOREM

Classification

We will begin to classify wallpaper patterns. Each group will tackle one part of this
project.

• Group 1: What wallpaper patterns are possible that have gyration points but no
other symmetry features?

• Group 2: What wallpaper patterns are possible that have kaleidoscope points but
no other symmetry features?

• Group 3: What wallpaper patterns are possible that have both gyration points and
kaleidoscope points but no other symmetry features?

• Group 4: (Clean up crew) What wallpaper patterns could there be that contain at
least some other features besides gyration points and kaleidoscope points?
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Group 1: gyration points only §18 THE MAGIC THEOREM

Group 1: gyration points only

What wallpaper patterns are possible that have gyration points but no other symmetry
features? Explain your answers.

1. Is it possible to have 5 or more di↵erent gyration points?

2. Is it possible to have exactly 4 di↵erent gyration points?

3. Is it possible to have exactly 1 gyration point?

4. Is it possible to have exactly 2 gyration points?

5. The bulk of the work is finding all signatures with exactly 3 gyration points. To do
so, make a chart of all possible sums of two gyration point “costs”, where the cost
of the gyration point is n�1

n
.
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Group 1: gyration points only §18 THE MAGIC THEOREM

What signatures have exactly 3 gyrations points (and no other features)?

2 3 4 5 6 · · ·
2

3

4

5

6
...

To get exactly 3 gyration points, the sum of the first two gyration points must be exactly
n�1

n
less than 2 for some n. Why? Circle the sums in your chart that add to something

n�1
n

less than 2 . Explain why there can’t be any more sums that add to n�1
n

less than 2 in
the far reaches of the chart (where the first or second gyration point has order greater
than 6).
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Group 2: kaleidoscope points only §18 THE MAGIC THEOREM

Group 2: kaleidoscope points only

What wallpaper patterns are possible that have kaleidoscope points but no other
symmetry features? Explain your answers.

1. Is it possible to have 5 or more di↵erent kaleidoscope points?

2. Is it possible to have exactly 4 di↵erent kaleidoscope points?

3. Is it possible to have exactly 1 kaleidoscope point?

4. Is it possible to have exactly 2 kaleidoscope points?

5. The bulk of the work is finding all signatures with exactly 3 kaleidoscope points.
To do so, make a chart of all possible sums of two mirror point “costs”’, where the
cost of the kaleidoscope point is n�1

2n
.
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Group 2: kaleidoscope points only §18 THE MAGIC THEOREM

What signatures have exactly 3 kaleidoscope points (and no other features)?

2 3 4 5 6 · · ·
2

3

4

5

6
...

To get exactly 3 kaleidoscope points, the sum of the first two kaleidoscope points must
be exactly n�1

2n
less than 1 for some n. Why? Circle the sums in your chart that add to

something n�1
2n

less than 1 . Explain why there can’t be any more sums that add to n�1
2n

less than 1 in the far reaches of the chart (where the first or second kaleidoscope point
has order bigger than 6).
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Group 3: gyroscope and kaleidoscope points (only) §18 THE MAGIC THEOREM

Group 3: gyroscope and kaleidoscope points (only)

What wallpaper patterns are possible that have gyroscope and kaleidoscope points
but no other symmetry features? Explain your answers.

1. Is it possible to have 5 or more di↵erent rotocenters, including at least one gyration
point and at least one kaleidoscope point?

2. Is it possible to have exactly 4 di↵erent rotocenters, including at least one gyration
point and at least one kaleidoscope point?

3. Is it possible to have exactly 3 di↵erent rotocenters, with 2 gyration points and 1
kaleidoscope point?

4. Is it possible to have exactly 3 di↵erent rotocenters, with 1 gyration point and 2
kaleidoscope points?

5. Is it possible to have exactly 1 gyration point and 1 mirror point? To figure this
out, make a chart of all possible sums of “costs” of one kaleidoscope point and one
gyration point, where the “cost” of a gyration point of order n is n�1

n
and the “cost”

of a mirror point of order n is n�1
2n

.
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Group 3: gyroscope and kaleidoscope points (only) §18 THE MAGIC THEOREM

Is it possible to have exactly 1 gyration point and 1 kaleidoscope point? To figure this
out, make a chart of all possible sums of “costs” of one mirror point and one gyration
point, where the “cost” of a gyration point of order n is n�1

n
and the “cost” of a mirror

point of order n is n�1
2n

.

2 3 4 5 6 · · ·
2

3

4

5

6
...

Argue that the sums in the far reaches of the table (where either the gyration point
or the kaleidoscope point has order greater than 4), are all either too small or too big.
Find the sums in the remaining part of the table that add up to the right thing.
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Group 4: Clean up crew §18 THE MAGIC THEOREM

Group 4: Clean up crew

What wallpaper patterns could there be that contain at least some other features besides
gyration points and kaleidoscope points? Explain your answers.

1. What features are possible that are not gyration or kaleidoscope points and what
do they cost?

2. Is it possible for a wallpaper pattern to contain no gyration and kaleidoscope
points, but only other features?

3. Is it possible for a wallpaper pattern to contain a kaleidoscope point AND a
gyration point AND also other feature(s) that are neither kaleidoscope points nor
gyration points?

4. Is it possible for a wallpaper pattern to contain a kaleidoscope point and AND also
other feature(s) that are neither kaleidoscope points nor gyration points?

5. Is it possible for a wallpaper pattern to contain a gyroscope point and AND also
other feature(s) that are neither kaleidoscope points nor gyration points?

6. What signatures could be possible for each of the above questions for which you
answered yes?
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The wallpaper symmetry family §18 THE MAGIC THEOREM

The wallpaper symmetry family

• According to this analysis, what wallpaper pattern signatures might be possible?

• What is the number of signatures that might be possible?

• Are they all acheivable?

262



The wallpaper symmetry family §18 THE MAGIC THEOREM

These examples are from http://www.tilingsearch.org/
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Practice Problems §18 THE MAGIC THEOREM

Practice Problems

1. Identify the signature of the 16 wallpaper patterns using orbifold notation.

2. Read Chapter 3 in the textbook. Do the 4 exercises at the end of Chapter 3. Answers
are given on the opposite pages.

3. Write up answers to the questions for one of the group projects on the Magic
Theorem

Wallpaper pattern identification tournament using http://www.tilingsearch.org.
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Symmetry Scavenger Hunt §18 THE MAGIC THEOREM

Symmetry Scavenger Hunt

Wallpaper scavenger hunt: Find as many of the 7 frieze patterns, the 17 wallpaper
patterns, and the 1 rosettes as you can on physical objects (walls, floors, clothes,
furniture, carpets, hubcaps). For each pattern:

• Take a picture of the pattern (to upload latter onto the Scavenger Hunt Padlet for
your team.

• Record the signature of the pattern

• Record where you found the pattern. (e.g. ”bathroom in Page Auditorium”) -
optional

The scavenger hunt will be scored as follows:

• 1 point for each correctly identified distinct rosette (you can use Cn Dn notation or
orbifold (?n· n·) notation.

• 2 points for each correctly identified distinct frieze pattern (any standard notation)

• 3 points for each correctly identified distinct wallpaper pattern (orbifold notation)

In case of late arrivals to the bus stop at the end, one point o↵ per team member per
minute late. In case of behavior that is not Tippropriate, between 1 and 10 points o↵
per team member per incident.
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