Part XIV
Orbifold Notation and The Magic
Theorem
The goal for this part is to use ”The Magic Theorem” to
determine which wallpaper signatures can occur.

Homework Collection 3 Comments
I

The proofs were very good!
I

I

Common mistake on B: ”A glide reflection is a reflection
followed by a translation, so if there is glide reflection
symmetry, there must be a translation.”
Common mistake on E: ”If the pattern is Cn , then there are no
reflections.”

Homework Comments, Continued
I
I
I

I enjoyed your ambigrams, snowflakes, and hand-drawn frieze
patterns.
For ideas on how to create Cn and Dn symmetry, see Vi Hart’s
video ”Snowflakes, Swirlflakes, and Starflakes”.
European frieze pattern homework was mostly good with the
most common errors for patterns with rotational symmetry.

More on Homework
I

I

Going forward, please identify all symmetry patterns that you
create or photograph. Because this may not have been clear
for this assignment, I’m inviting students who did not identify
their hubcaps, or snow-flakes, or hand-drawn patterns to
resubmit with labels.
The frieze patterns found around campus were not as good as
they could be.
I
I
I

Some pictures were of wallpaper patterns, or of entire buildings
with no indication of what part of the building to focus on.
Threre were a lot of mis-identified frieze patterns.
Students who used crystallographic notation (p1m1, etc.)
tended to identify patterns more successfully than those who
used hop-step-jump notation.

Orbifold notation
To find a pattern’s signature in orbifold notation
I

write the numbers for the orders of all distinct gyration points
first, in descending order

I

then write ⇤ if there are any mirror lines

I

then list the numbers for the orders of all distinct mirror
points after the star.

I

write down an x for each distinct glide reflection

I

if there are non-intersecting mirror lines, write down ⇤ for
each distinct mirror line (but if there are intersecting mirror
lines, then only use a single ⇤ as described above)

I

if there are no symmetries except for translation, then write
down

Find the signatures of these wallpaper patterns

1.

2.

3.

4.

5.

6.

7.

8.

9.

The Wallpaper Shop
It will be useful to assign a cost to each symbol in the signature of
a wallpaper pattern, according to the menu below.
Symbol
Cost ($) Symbol
Cost ($)
2
⇤ or ⇥
1
2 (for gyration point)
1/2
2 (for mirror point)
1/4
3 (for gyration point)
2/3
3 (for mirror point)
2/6
4 (for gyration point)
3/4
4 (for mirror point)
3/8
5 (for gyration point)
5 (for mirror point)
6 (for gyration point)
6 (for mirror point)
···
···
···
···
N (for gyration point)
N (for mirror point)
1 (for gyration point)
1 (for mirror point)
Using this cost menu, pick your favorite wallpaper pattern and
determine the cost of each.

The Magic Theorem

The Magic Theorem (as popularized by John Conway): Every
wallpaper pattern costs exactly $2.
I

List all the di↵erent signatures of all wallpaper patterns that
we have come across so far.

I

Organize them into groups based on whether they contain
gyration points, mirror points, both, or neither.

I

Check that each one has a cost of $2.

I

How many di↵erent signatures do you have?

Use the Magic Theorem to Find Symmetries

The Magic Theorem is a great tool for finding all symmetries in a
pattern. If the cost doesn’t add up to $2, you are overlooking
some symmetries.

M.C. Escher

Use the Magic Theorem to Find all Possible Symmetry
Types
We will begin to classify wallpaper patterns. Each group will tackle
one part of this project.
I

Group 1: What wallpaper patterns are possible that have
gyration points but no other symmetry features?

I

Group 2: What wallpaper patterns are possible that have
kaleidoscope points but no other symmetry features?

I

Group 3: What wallpaper patterns are possible that have both
gyration points and kaleidoscope points but no other
symmetry features?

I

Group 4: (Clean up crew) What wallpaper patterns could
there be that contain at least some other features besides
gyration points and kaleidoscope points?

Group 1: gyration points only

What wallpaper patterns are possible that have gyration points but
no other symmetry features? Explain your answers.
1. Is it possible to have 5 or more di↵erent gyration points?
2. Is it possible to have exactly 4 di↵erent gyration points?
3. Is it possible to have exactly 1 gyration point?
4. Is it possible to have exactly 2 gyration points?
5. The bulk of the work is finding all signatures with exactly 3
gyration points. To do so, make a chart of all possible sums
of two gyration point “costs”, where the cost of the gyration
point is n n 1 .

Group 1: gyration points only, continued
What signatures have exactly 3 gyrations points (and no other
features)?
2 3 4 5 6 ···
2
3
4
5
6
..
.
To get exactly 3 gyration points, the sum of the first two gyration
points must be exactly n n 1 less than 2 for some n. Why? Circle
the sums in your chart that add to something n n 1 less than 2 .
Explain why there can’t be any more sums that add to n n 1 less
than 2 in the far reaches of the chart (where the first or second
gyration point has order greater than 6).

Group 2: kaleidoscope points only

What wallpaper patterns are possible that have kaleidoscope points
but no other symmetry features? Explain your answers.
1. Is it possible to have 5 or more di↵erent kaleidoscope points?
2. Is it possible to have exactly 4 di↵erent kaleidoscope points?
3. Is it possible to have exactly 1 kaleidoscope point?
4. Is it possible to have exactly 2 kaleidoscope points?
5. The bulk of the work is finding all signatures with exactly 3
kaleidoscope points. To do so, make a chart of all possible
sums of two mirror point “costs”’, where the cost of the
kaleidoscope point is n2n1 .

Group 2: kaleidoscope points only, continued
What signatures have exactly 3 kaleidoscope points (and no other
features)?
2 3 4 5 6 ···
2
3
4
5
6
..
.
To get exactly 3 kaleidoscope points, the sum of the first two
kaleidoscope points must be exactly n2n1 less than 1 for some n.
Why? Circle the sums in your chart that add to something n2n1
less than 1 . Explain why there can’t be any more sums that add
to n2n1 less than 1 in the far reaches of the chart (where the first
or second kaleidoscope point has order bigger than 6).

Group 3: gyroscope and kaleidoscope points (only)
What wallpaper patterns are possible that have gyroscope and
kaleidoscope points but no other symmetry features? Explain your
answers.
1. Is it possible to have 5 or more di↵erent rotocenters, including
at least one gyration point and at least one kaleidoscope
point?
2. Is it possible to have exactly 4 di↵erent rotocenters, including
at least one gyration point and at least one kaleidoscope
point?
3. Is it possible to have exactly 3 di↵erent rotocenters, with 2
gyration points and 1 kaleidoscope point?
4. Is it possible to have exactly 3 di↵erent rotocenters, with 1
gyration point and 2 kaleidoscope points?
5. Is it possible to have exactly 1 gyration point and 1 mirror
point? To figure this out, make a chart of all possible sums of
“costs” of one kaleidoscope point and one gyration point,
where the “cost” of a gyration point of order n is n n 1 and the
“cost” of a mirror point of order n is n 1 .

Group 3: gyroscope and kaleidoscope points (only)
continued
Is it possible to have exactly 1 gyration point and 1 kaleidoscope
point? To figure this out, make a chart of all possible sums of
“costs” of one mirror point and one gyration point, where the
“cost” of a gyration point of order n is n n 1 and the “cost” of a
mirror point of order n is n2n1 .
2 3 4 5 6 ···
2
3
4
5
6
..
.
Argue that the sums in the far reaches of the table (where either
the gyration point or the kaleidoscope point has order greater than
4), are all either too small or too big. Find the sums in the
remaining part of the table that add up to the right thing.

Group 4: Clean up crew
What wallpaper patterns could there be that contain at least some
other features besides gyration points and kaleidoscope points?
Explain your answers.
1. What features are possible that are not gyration or
kaleidoscope points and what do they cost?
2. Is it possible for a wallpaper pattern to contain no gyration
and kaleidoscope points, but only other features?
3. Is it possible for a wallpaper pattern to contain a kaleidoscope
point AND a gyration point AND also other feature(s) that
are neither kaleidoscope points nor gyration points?
4. Is it possible for a wallpaper pattern to contain a kaleidoscope
point and AND also other feature(s) that are neither
kaleidoscope points nor gyration points?
5. Is it possible for a wallpaper pattern to contain a gyroscope
point and AND also other feature(s) that are neither
kaleidoscope points nor gyration points?
6. What signatures could be possible for each of the above
questions for which you answered yes?

The wallpaper symmetry family
I

According to this analysis, what wallpaper pattern signatures
might be possible?

I

What is the number of signatures that might be possible?

I

Are they all acheivable?

16 Wallpaper Pattern Examples
Identify the orbifold signature. Ignore color. Hint: three signatures appear twice.

1.

2.

3.

4.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

5,

1

Homework
1. Identify the signature of the 16 wallpaper patterns using
orbifold notation.
2. Write up answers to the questions for one of the group
projects on the Magic Theorem
3. Wallpaper scavenger hunt: Find as many of the 17 di↵erent
types of wallpaper patterns as you can on physical objects
(walls, floors, clothes, furniture, carpets). Patterns on paper
or on the computer don’t count. For each pattern:
I
I
I

Take a picture of the pattern with yourself (or your hand or
foot) in the photo.
Record the symmetry type of the pattern in orbifold notation.
Record where you found the pattern. (e.g. ”brick sidewalk by
Genome Science Center”, or ”sofa in my mom’s living room”)

